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Q^' Abstract: In the framework of the seesaw mechanism with three heavy right-handed 

^ ■ Majorana neutrinos and no Higgs triplets we carry out a systematic study of the structure 

of the right-handed neutrino sector. Using the current low-energy neutrino data as an 
input and assuming hierarchical Dirac-type neutrino masses rriDi, we calculate the masses 
Mi and the mixing of the heavy neutrinos. We confront the inferred properties of these 
5^ I neutrinos with the constraints coming from the requirement of a successful baryogenesis 

via leptogenesis. In the generic case the masses of the right-handed neutrinos are highly 
hierarchical: Mj oc m'j^-; the lightest mass is Ml « 10^ - 10*^ GeV and the generated 
baryon-to-photon ratio ijb ^ 10~^^ is much smaller than the observed value. We find the 
special cases which correspond to the level crossing points, with maximal mixing between 
two quasi-degenerate right-handed neutrinos. Two level crossing conditions are obtained: 
"T-ee ~ (1-2 crossing) and di2 ~ (2-3 crossing), where TUee and di2 are respectively the 
11-entry and the 12-subdeterminant of the light neutrino mass matrix in the basis where 
the neutrino Yukawa couplings are diagonal. We show that sufficient lepton asymmetry 
can be produced only in the 1-2 crossing where Mi ~ M2 ~ 10*^ GeV, M3 ~ lO""^^ GeV and 
(M2 - Mi)/M2 < 10-5. 
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1. Introduction 

The seesaw mechanism of neutrino mass generation provides a very simple and appealing 
explanation of the smallness of the neutrino mass. The low-energy neutrino mass matrix 
m is given in terms of the Majorana mass matrix of the right-handed (RH) neutrinos, M^, 
and the Dirac mass matrix, m^, as 

m = —niDM^^nv^ . (1.1) 

While the elements of m/5 are expected to be at or below the EW scale, the characteristic 
mass scale of RH neutrinos is naturally the GUT or parity breaking scale. A very important 
feature of the seesaw mechanism, which makes it even more attractive, is that it has a simple 
and elegant built-in mechanism of production of the baryon asymmetry of the Universe - 
baryogenesis through leptogenesis [^. 

The main prediction of the seesaw mechanism is the existence of RH Majorana neutri- 
nos Ni. Being extremely heavy, these neutrinos are not accessible to direct experimental 
studies, though several indirect ways of probing the properties of the RH sector are known: 

- studies of leptogenesis ; 
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- searches for signatures of Grand Unification; 



- renormalization group running effects induced by RH neutrinos {e.g., on the b — t 
unification [^). 

What can be learned about the heavy RH neutrino sector, using the currently available 
low-energy neutrino data as an input? The matrix m in (|1.1| ) can to a large extent be 
reconstructed from the available low-energy data; then Eq. ( pTll ) can be used to study Mr. 

Obviously, for such an analysis one would also need to know the Dirac neutrino mass 
matrix mu. Unfortunately, at present no information on niD is available, since there are 
almost no ways of studying it experimentally (though, in the context of certain SUSY 
models, some information on m£) can be obtained from the studies of the rare decays like 
fj, — > 67, T — > 67 One is, therefore, forced to resort to some theoretical arguments. 

Such arguments are in general provided by the GUTs, in which m/j is typically related at 
the unification scale to the mass matrices of up-type or down-type quarks or of charged 
leptons. Since all the quark and charged lepton masses are highly hierarchical, we will 
assume this to be true also for m£). Moreover, in models in which m^) is related to the 
up- type quark mass matrices and the mass matrix of charged leptons mi, to the down- 
type quark matrix, one can expect that the left-handed rotations diagonalizing mi and 
mo are nearly the same. Their mismatch (described by the matrix Ul) is expected not to 
exceed the Cabibbo mixing in the quark sector [Ul ~ Uckm)- The large leptonic mixing 
observed in the low-energy sector is then a consequence of the "seesaw enhancement of 
lepton mixing" 0, ^] ^. Such an enhancement requires a strong (quadratic) mass hierarchy 
of RH neutrinos and/or off-diagonal structure of Mr. 

In this framework, studies of the structure of RH sector and leptogenesis have been 
performed in a number of publications |10, lll|. It was realized that, due to a strong 



hierarchy of neutrino Dirac Yukawa couplings (analogous to that of up- type quarks), the 
predicted baryon asymmetry is much smaller than the observed one, especially in 
the case of the LMA MSW solution of the solar neutrino problem. The asymmetry can 
be much larger if the hierarchy of Yukawa couplings is similar to that of the down quarks 



or charged leptons and the largest coupling is of order 1 [14|. In this case the hierarchy 
between the masses of RH neutrinos becomes weaker and, furthermore, large RH mixing 
can appear. 

In this paper, we follow a bottom-up approach to reconstruct the RH neutrino sector, 
under the assumption of hierarchical Dirac masses. We perform a systematic study of 
all possible structures of the RH neutrino mass matrix consistent with the low energy 
neutrino data. Although our general formalism is valid for an arbitrary left-handed Dirac- 
type mixing, in most of our quantitative analysis we assume this mixing to be small; we 
comment on the opposite situation in the last section. We study the dependence of the 



^ Using constraints coming from these lepton fiavor violating decays together with neutrino data, one 
can, in principle, reconstruct the mass matrices relevant for the seesaw. The consequences for leptogenesis 
are discussed, e.g., in 

^ There also exists a different class of seesaw models in which the large low-energy leptonic mixing is due 
to the large left-handed Dirac-type mixing |9|. 
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produced lepton asymmetry on the structure of Mr, calculating explicitly the RH mixing 
matrix Ur and the relevant CP-violating phases. We confirm that, in the generic case, too 
small an asymmetry is produced. We identify and study in detail the special cases in which 
the observed baryon asymmetry can be generated. 

The paper is organized as follows. In section Q we formulate our framework. In section ^ 
we discuss the generic case when the three RH neutrinos have strongly hierarchical masses. 
We give simple analytic expressions for the masses and the mixings of the RH neutrinos. 
In section ^ we describe the conditions under which the special cases are realized. They 
correspond to partial or complete degeneracy of the RH neutrinos. In section || we analyze 
the special case which leads to a successful leptogenesis. In sections ^ and |^ other special 
cases are described. Section ^ contains discussion of our results and conclusions. 

2. The framework 

2.1 Low energy data and structure of light neutrino mass matrix 

In the flavor basis (fgjt'^j^'r) the Majorana mass matrix of light neutrinos, m, can be 
written in terms of the observables as 

m = Uhmsm''"''uU,jj,s , (2.1) 

where m'^^"'^ = diag{mi, 1112, m^) and UpMNS |15| is the leptonic mixing matrix, for which 
we use the standard parameterization: 

/ C12C13 S12C13 SlSe"**^ 

-C23S12 - S23Ci2Si3e*'' C23C12 - S23Si2Si3e*'' S23C13 \ ' Kq . (2.2) 



UpMNS 

Here Cij = cos 6ij , Sij = sin 6ij , 5 is the CP-violating Dirac phase and 



\ S23S12 - C23Cl2Sl3e*'' -S23C12 - C23Sl2Sl3e*'^ C23C13 



Kq = diag{e'P,l,e''') 

contains the two CP-violating Majorana phases. Except in a few cases, we will absorb p 
and a in the light neutrino masses mj, which are therefore allowed to be complex. 

From the solar, atmospheric, accelerator and reactor neutrino experiments we take the 
following input (at 90% C.L.) Ill: 



Am2^^ = Amf^ = (7 tf) ■ W'' eV^ , tan^ 9^ = O-^^t^oh 
Amlt^ = Amig = (2.5 tH) ■ W'^ eV^ , tan ^23 = 1 tol; (2.3) 
sin0i3 <0.2 



The neutrinoless 2(3 decay experiments |17| restrict the ee-element of the matrix m: 

\mee\ < (0.35 ^ 1.3) eV (90% C.L.) . 

The direct kinematic measurements give an upper bound on neutrino masses, relevant in 
the case of degenerate mass spectrum: nii,^ < 2.2 eV [jl8|. However, the cosmological 

bound on the sum of light neutrino masses (at 95% C.L.) |jl^, pC| ], 

V \mi\ < (0.7^2.1) eV , (2.4) 
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leads to the strongest limit on individual masses: |mj| < (0.23 -r- 0.70) eV. 

Using this phenomenological information one can, to a large extent, reconstruct the 
mass matrix m, just by inserting the data (|2.3|) - (|2.4|) into Eq. ( |2.1|) |2^. A sig- 

nificant freedom still exists due to the unknown absolute mass scale \mi\ and CP-violating 
phases p, a. The dependence of the structure of m on the unknown S13 and 5 is weaker 
because of the smallness of S13. 

In spite of the above-mentioned freedom, a generic feature of the mass matrix m 
emerges: all its elements are of the same order (within a factor of 10 or so of each other), 
except in some special cases. The reason for this is twofold: 



the two large mixing angles 9i2 and 9 



23; 



a relatively weak hierarchy between the mass eigenvalues: according to the LMA 
MSW solution of the solar neutrino problem, 



^>J^> 0.1 ^0.15. (2.5) 

We will refer to the situation when all the matrix elements of m are of the same order and 
there are no special cancellations as the generic case. The "quasi-democratic" structure of 
the mass matrix m is the main starting point of our analysis; it has important implications 
for the seesaw mechanism and leptogenesis, as we will see in section 3. 

A strong hierarchy between certain matrix elements of m can be realized only for 
specific values of the absolute mass scale and CP-violating phases^, and we will consider 
these special cases separately (sections 

2.2 Dirac mass matrix 

In the basis where the mass matrix of RH Majorana neutrinos is diagonal, the Dirac mass 
matrix can be written as 

ruD = Ulm'^^'^'UR . (2.6) 

Here Ul and Ur are unitary matrices and nvj^""^ = diag{mu,'mc,'mt), with the mass eigen- 
values mu,c,t being real and positive. We have denoted the eigenvalues of m/j in analogy 
with up- type quark masses, but we do not require the exact coincidence of the quark and 
leptonic masses. Our main assumption in this paper is that there is a strong hierarchy of 
the eigenvalues of mzj: 

uiu <. rUc <. mt , (2.7) 

similar to the hierarchy of the quark or charged lepton masses. For numerical estimates, 
we will use the reference values 

ruu = 1 MeV , = 400 MeV , mt = 100 GeV , (2.8) 



^Realistic neutrino mass textures with some exact zeros have been studied, e.g., in ^J]. Also the seesaw 
reahzations of these zeros have been considered psll. 
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which approximately coincide with the up-type quark masses at the mass scale ~ 10^ GeV 
The matrix Ul defined in Eq. (|2.6|) describes the mismatch between the left-handed 



rotations diagonalizing the charged lepton and neutrino Dirac mass matrices and, there- 
fore, is the leptonic analogue of the quark CKM mixing matrix. It differs from the leptonic 



mixing matrix Upmns^ defined in Eq. {2A), which is probed in the low-energy neutrino 



experiments. The difference between Ul and Upmns is a consequence of the seesaw mech- 
anism. By analogy with the CKM matrix where the mixing is small, one expects that the 
matrix Ul is close to the unit matrix. 

2.3 Conditions for a successful leptogenesis 

Let us consider the constraints on the seesaw parameters coming from the requirement of 
the successful thermal leptogenesis. We assume that a lepton asymmetry is generated by 
the CP-violating out-of-equilibrium decays of RH neutrinos |§] . The lepton asymmetry is 
then converted to a baryon asymmetry through the sphaleron processes [^], thus explaining 
the baryon asymmetry of the Universe. We will use the recent experimental value of the 



baryon-to-photon ratio |ll9|| , 



rjB = (6.5±0:|) • 10-10 . (2.9) 
The lepton number asymmetry, e^, produced in the decay of a RH neutrino with the 



mass |Mj| can be written as |28]: 



\\Mi\^J {h^h)i 

Here h is the matrix of neutrino Yukawa couplings in the basis where M^j is diagonal with 
real and positive eigenvalues. Using the relation h = rriD/v (where v = 174 GeV is the 



electroweak VEV) and mp, given in (2^) we can write 



= ^uU^'^'^fUR . (2.11) 

We note in passing that in general we allow the non-zero elements Mj of the diagonalized 
RH neutrino mass matrix M^*"^ to be complex. However, the unitary matrix Up in Eq. 



( 2.11 ) is defined in such a way that it relates the basis where mp is diagonal to the basis 
where Mp is diagonal with real and positive non-zero elements, i.e. the phases of Mj should 
be included into the definition of Up (cf. Eqs. ( |3.6| ) and (3^) below). We will be always 
assuming the ordering \Mi\ < IM2I < IM3I. 



In the standard electroweak model the function / in Eq. (|2.10| ) is given by 



fix) 



2-x + x 
(1 + x) log 

1 — X 



(2.12) 



*In SUSY models v should be replaced with v sin /3. For tan /? > 3, this corresponds to a very small 
rescaling of Yukawa couplings. 
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This expression is vahd for ||Mj| — |Mj|| ^> Fj + Tj, where Fj is the decay width of the zth 
RH neutrino, given at tree level by 

r. = ^-!^IM,1 . 

Svr ' ' 

In the limit of the quasi-degenerate neutrinos (x = |Mj/Mjp 1), one formally obtains 
from pl^ ) 

fix) ^ « Jf^^' . I, ^ oo . (2.13) 

1 — X 2{\Mi\ — \Mj\) 

However, in reality the enhancement of the asymmetry is limited by the decay widths Fj 
and is maximized when ||-Mj| — |Mj|| ~ Fj + Fj |2S]. 

The left-handed rotation Ul does not enter the expression for the lepton number 
asymmetry. Furthermore, h^h is invariant under the transformation 

Ur ^ DUr , (2.14) 

where 

D = diag{e''',e''^,e'^) (2.15) 

and a, /?, 7 are arbitrary phases. Consequently, all the phases that can be removed from 
Ur by the transformation ( 2.14 ) have no impact on leptogenesis. 
The baryon-to-photon ratio can be written as IsO] 



where the factors Kj describe the washout of the produced lepton asymmetry ej due to 
various lepton number violating processes. In the domain of the parameter space which is 
of interest to us, they depend mainly on the effective mass parameters 

^ ^ v^h^hU ^ [uU<'''?UrU .2 16) 

\Mi\ \Mi\ ' ^ ' ' 

For 10~^ eV < rhi < 10^ eV, the washout factor ki can be well approximated by ||3l| 



..(m0c.0.3(— ^)(log^) • (2-1^) 

When I Ml I <C |Af2^3|, only the decays of the lightest RH neutrino A'^i are relevant for 
producing the baryon asymmetry ry^, since the lepton asymmetry generated in the decays 
of the heavier RH neutrinos is washed out by the L- violating processes involving A'^i's, which 
are very abundant at high temperatures T ~ |M2,3|. At the same time, at T ~ |Mi| the 
heavier neutrinos A^2 and A^3 have already decayed and so cannot wash out the asymmetry 
produced in the decays of A^'i. 

In Refs. (3^, 30|, under the assumption \M\\ <^ |M2,3|, the following absolute lower 
bound on the mass of the lightest RH neutrino was found from the condition of the suc- 
cessful leptogenesis: 

|Mi| > 4- 10^ GeV . (2.18) 



-6- 



The bound ( 2.18| ) corresponds to rhi and maximal ei; for other values of rhi and ei it 
is even stronger ||3^, 33 1. Inequality ( |2.1^ ) has been derived before the latest WMAP data 
became available |19]. These data (see Eq. (^^)) strengthen the bound by a factor ~ 1.5: 
I Ml I > 6 - 10^ GeV. 

2.4 Mass matrix of RH neutrinos 



Using the representation (p. 



m 



for m£), the matrix of light neutrinos can be written as 

Then, in the basis where 

rri diaq 

the inverse mass matrix of the RH neutrinos equals 



(2.19) 



-IrrT 



and, correspondingly, the matrix Mr itself is given by 

Mr = UrM^^^uI . 
From the seesaw formula one obtains, in the basis ( ^.191) , 



W 



-mj^m{m 



(2.20) 



(2.21) 



(2.22) 



where 

rh = UimUl . (2.23) 

When Ul = 1, that is, the Dirac left-handed rotation is absent, one has rh = m. When 
Ul slightly deviates from 1 {e.g.^ Ul ^ Uckm), the difference between rh and m is within 
the present experimental uncertainty, apart from some particular cases. In most of our 
analysis we shall be assuming Ul = 1 and neglect the difference between rh and m. All 
the analytic expressions that we derive foi Ul = t are also valid for an arbitrary Ul, if one 
substitutes the matrix elements of m by the corresponding elements of rh. 

In supersymmetric scenarios, Ul can be probed in lepton flavor violating decays like 
H ^ OT T —> n'j. If Ul = 1, these decays are strongly suppressed, whereas for Ul ~ 
Uckm one finds the predicted branching ratios to be close to the experimental upper 
bounds, provided that the slepton masses are of the order of (100 -r- 200) GeV and the 
neutrino Dirac masses take the values given in Eq. (p.g|). Therefore, if future experiments 
find a signal close to the present upper bounds, this will not require large left-handed 
rotations and so will not invalidate our results. 

Using m^°^ = diag(mu,mc,mt) in Eq. ( p.22| ) and taking m = m, we obtain the 
following symmetric matrix W: 

rup 



I 



W 



''e/i 



rrif, 



\ 



mumc mumt 



m 



m 



rrir 



rricmt 
rrirr 



m 



(2.24) 
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In what follows we will find the eigenvalues of W and the mixing matrix Ufi that diago- 
nalizes W according to Eq. ( |2.20| ). 



3. The generic case 



As discussed in section 2.1, in general the matrix elements niais are all of the same order 
of magnitude. We have defined this situation as the generic case. It follows then from 



( 2.24 ) that the elements of W are highly hierarchical, with Wu being by far the largest 
one. Introducing for illustration the small expansion parameter 



A 



rrir 



m, 
mt 



" ~ 10"^ 



(3.1) 



we obtain 



W 



( 1 A A2 
A2 A3 
... A^ 

where in each element factors of order 1 are understood. 

The largest eigenvalue of W is given, to a very good approximation, by the dominant 
(ll)-element: 

1 vn^ 

Mi^^ = ^ . (3.2) 



Wu rriee 

The second largest eigenvalue of W can be obtained from the dominant (12)-block of the 



matrix (2.24), just by dividing its determinant by Wn. The mass M2 is then the inverse 
of this eigenvalue: 

Wu 



Mo 



mlniee 



WuW22 - Wl 



mt 



(3.3) 



12 ""en 

The smallest eigenvalue of W can be found from the condition 



{mumc-mt)'^ = —mim2m3MiM2M3 (3-4) 
which is obtained by taking the determinants of both sides of Eq. (|1.1D. This yields 



M3 



mli^ltL-meem^^) 

mim2m3 



(3.5) 



Thus, in the generic case the RH neutrinos have a very strong mass hierarchy: Mi oc m^, 
M2 oc m^, M3 oc m^, in agreement with the "seesaw enhancement" condition Q. 
The matrix W is diagonalized, to a high accuracy, by 



Ur 



1 




me^,\ 


rUu 


meej 


rric 




rriu 


meeJ 


mt 



m, 



mp 



mr 



1 



^13 

di2 



rrir 



mt 



d23\ 


* 

rUu 


di2) 


nit 


fdn 




\di2 


) mt 


1 





K 



(3.6) 
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where 



and 

K = diag{e-'^^/^, e'"'*'^/^, ^r^'^^l'^) , 0^ = arg Mi . (3.7) 



As can be seen from Eq. (3^), the RH mixing is very smah in the generic case. We 
therefore encounter an apparently paradoxical situation, when both the left-handed and 
RH mixing angles are small and yet one arrives at a strong mixing in the low-energy sector. 
This is an example of the so-called "seesaw enhancement" of the leptonic mixing 0, 
The reason for this enhancement can be readily understood. Indeed, small mixing in m/j 
and W is related to the hierarchical structures of these matrices; however, in the seesaw 
formula (^]^) these hierarchies act in the opposite directions and largely compensate each 
other, leading to a "quasi-democratic" m and thus to large mixing in the low-energy sector. 
The masses of the heavy neutrinos (Eqs. (|3.2|),(|3^) and (|3.5D) can be rewritten as 



functions of the low-energy observables using the expressions of in terms of the masses 



and mixing of light neutrinos 22, |2^. In the limit ^13 = and ^23 = 7r/4, we find from 

2 

rat 

Ml = 



Eq. (2.1) 



2mg(micL + m2.L) 

^2 = 7 2~ 2"T"^ ' ^^-^l 

ivi^ = . 

2mim2m3 

The dependence of |Mj| on |mi| is shown in Fig. |l[ In the case of the normal hierarchy 
(I mil <C |m2,3|), these equalities take a particularly simple form (found previously in [p^]): 

Ml « V ' ^2 ~ , Ms « --^ . 3.9 

m2sf2 TIT'S 2mi 

Notice that the lightest RH neutrino mass |Mi| is related to the solar mass squared differ- 
ence (|m2p ~ Am^^j), IM2I to the atmospheric one (|m3p ~ Am^^^), and IM3I is inversely 

proportional to mi, for which we can use the upper bound |mi| < ^ Am^^^. It is illumi- 
nating to rewrite Eq. (|3.9| ) in the "standard" seesaw form, expressing the light neutrino 
masses through the heavy neutrino ones: 

mfsl2 _ ml 2ml .0 

Comparing this with the naive seesaw expectations, we see that the expected correspon- 
dence between the masses of the light neutrinos and the Dirac masses (mi oc m^, m2 oc 
ml , m3 oc ml) is completely broken; this is due to the large neutrino mixing angles (in 
particular, to the fact that the solution of the solar neutrino problem is the LMA MSW 
one). 
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Numerically, from Eq. (3^) we find 



|M3|.|g>L8.1„"GeV(^)\ (3.13) 

These values of |Mj| are illustrated by the leftmost regions (corresponding to \rai\ — > 0) of 
the plots in Fig. |l|. For the inverted mass hierarchy (Ittj-sI ^ |?tii| ~ |?7i2|), from Eq. (| 
one finds 



|Mi| (2 - 5) • 10^ GeV [j^) ' (^-^^^ 
|M.|.(3-6).10^ GeV(^^)\ (3.15) 

Similar estimates hold true also in the quasi-degenerate case (|mi| ~ |m2| — ~ rriQ)^ 
except that the inequality sign in Eq. ( |3.16|) has to be replaced by the approximate equality 



one and the right-hand sides of Eqs. (3.14) - (3.16) have to be divided by mo/yA 



atm 



20mo/eV. In particular, for the lightest of the RH neutrinos we obtain 

i*i = (^-^^^)^^^(t^)^(^) ■ <^-''' 

For the highest allowed by cosmological observations value, mo = 0.7 eV, Eq. ( fj.lTl) gives 
\Mi\ ~ (1.4 — 3.5) TeV. The values of \Mi\ in the quasi-degenerate case are shown on the 
right-hand side (corresponding to |mi| w niQ ~ 1 eV) of panels a, b, d in Fig. ||. 

We now turn to the discussion of leptogenesis in the generic case under the consider- 
ation. Since the RH neutrino masses are highly hierarchical, the main contribution to the 
lepton asymmetry comes from the decays of the lightest RH neutrino A^i. From Eq. ( 3.11| ) 



we find that, for < 10 MeV, its mass is at least one order of magnitude smaller than 
the absolute lower bound ( 2.18| ). The normal hierarchy case is the most favorable one: for 
the other cases |mee| is larger, leading to even smaller values of \Mi\. 



Let us compute the value of t/b in the generic case. From Eqs. ( ^) , (U) and (|] 
we get 



mi PS ■ — = — 2— n ^ C('Si3) • (3.18) 

\mee\ \m2sf2 + rnicf2\ 

In the case of the hierarchical spectra of light neutrinos, this gives 



mi « |m2| « ^^ml^i , Ki(mi) ^ 0.02 (NH) , 

^1^ 12 I'^-L 2 I ^ ^tr' -"f ' '^il'^i)^ 0.001 -0.003 (IH), ^^'^^^ 
\sf2 + e Pc\2\ cos 26*12 ^ 1 
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where ki has been estimated using Eq. ( 2.17 ). For \Mi\ <^ |M2,3|, the lepton asymmetry 
ei, given by Eq. ( 2.10| ), can be written as 



ei 



3 
16^ 



|Mi| Im(/it/i)22 |Mi| Im(/it/i)23 
IM2I (/it/i)n ^ IM3I {h^h)u J 



(3.20) 



From Eqs. ( p. 11 ) and ( |3.6| ) we get 



'(/it/i) 



11 



mlhi 



where lij = lijirrictp) are order 1 coefficients. Using these relations and expressions (^), 
(U) and Q for in Eq. ( |33o| ) we find 



^ • I{mal3) , I{ma/3) 



1 . 



167r f2 

Then the produced baryon-to-photon ratio is given, up to a factor of order one, by 



r]B — 0.01 • ei • Ki{rhi) ~ 4 • 10 



'16 



1 MeV 



0.02 



To reproduce the observed value of one would need ~ 1 GeV. Thus, a successful 
leptogenesis requires niu ~ rric, which contradicts our assumption of a strong hierarchy 
between the eigenvalues of m/5 and goes contrary to the simple GUT expectations. 

Our conclusions concerning the mass spectrum of RH neutrinos and the generated 
baryon asymmetry in the generic case are in accord with those reached in the previous 
studies ||ll|,[ll, 0]- 



4. Special cases and level crossing 

The results of the previous section were essentially based on two assumptions: (1) m-ee 7^ 
and is of the order of other elements of m, so that the evaluations ( p. 21 ) and (^^) of Mi^2 
are valid, and (2) rrieem 



7^ 0, so that the evaluations (|3.3D and (p. 51) of M2,3 hold. 
Let us analyze the situations when one of these conditions or both of them are not satisfied. 
Special case I: 

m^p 



or, equivalently, Wu 
IM2I when mge 



• 0. Formally, Eqs. ( |3.2| ) and (3.3) imply that \Mi\ — > 00 and 
0. At some point (the "level crossing" point) they will become 
equal to each other. The approximate formulas in Eqs. (3^) and (^^) do not work when 
niee becomes very small. In exact calculations one gets a significant decrease of the level 
splitting and, therefore, strong mass degeneracy. This behavior can be seen in Fig. |l|, 
where we show the dependence of the RH neutrino masses and of \mee\ on the lightest 
mass \mi\, for different values of the Majorana phases of the light neutrinos p and a. Small 
value of rriee appears as a result of a cancellation of different contributions, which can be 
realized only for p = 7r/2 (Fig. |l[ panels b and d). At the crossing points the mixing 
between the levels becomes maximal ^. 



^The level crossing of RH neutrinos has been previously discussed in |12 
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Special case II: 

di2 = nieem^^ - ml^ , 

or, equivalently, {W11W22 — ^12) ~^ 0- ^^i^ limit, according to Eqs. (|3l^) and (|3^, M2 
increases and M3 decreases, so that a crossing occurs between the and N3 levels. At the 
crossing point the mixing becomes maximal. In Fig. |l| we show the dependence of |di2| on 
\mi\. The crossing points coincide with zeros of the (12)-subdeterminant. As we will see 
in section ^, |di2| is a non- monotonous function of \mi\, so that, depending on the phases 
p and a, there can be zero (Fig. |l|a), one (Fig. |^b) or two (Fig. |l|d) crossings of this type. 
For p = 0, a = tt/2 and quasi-degenerate spectrum of light neutrinos (right-hand part of 
Fig. |l|c), \di2\ is much smaller than the squares of the light neutrino masses. This leads to 
a quasi-degeneracy of A'^2 and N3 without level crossing. 
Special case III: 

rriee and di2 — > . 

This is equivalent to the requirement that the elements mge and nie^ be both very small. 
In this case all three RH neutrino masses are of the same order. The 1 — 2 and 2 — 3 
crossing regions merge. 

In Fig. |2| we show the dependence of |Mj|, \mee\ and \di2\ on \mi\ for non-zero S13 and 
different values of the Dirac phase 6. Comparing Fig. |l|b and Fig. |2|, which correspond to 
the same Majorana phases, we find that the effect of S13 for zero 6 (Fig. §a) is reduced to 
a small shift of the crossing points. A different choice of the phase 5 has more substantial 
effect: it can remove all crossings (Fig. |2|b), remove only the 2 — 3 crossing (Fig. |^) or 
change the relative positions of the crossing points leading to quasi-degeneracy of all three 
RH neutrinos (Fig. ^d). 

As one can see in Figs. Hand I, the generic case with a strong hierarchy and small mass 
of the lightest RH neutrino is realized practically in the whole parameter space, excluding 
the regions of the crossings. In general, with the increase of the overall scale of the light 
neutrino mass |?tt.i|, the masses of the RH neutrinos decrease. 

In the following sections we will consider the special cases in detail. 



5. Special case I: small nie 

Consider the case 



\mee\ <C \me^\ (5.1) 

rur 



which corresponds to \Wii\ <C IVF12I (see Eq. ( p. 24] )). In this case the (12)-block of W 
is dominated by the off-diagonal entries and, to a good approximation, the RH neutrino 
masses are 

2 2 

Ml ^ -M2 ~ « — , Ms ^ * . (5.2) 

W12 iTiefj, mim2m3 

Notice that \Mi\ is increased by a factor ~ rric/mu with respect to the generic case (Eq. 
( |3.2| )). Moreover, the RH (12)-mixing is nearly maximal while the other mixing angles are 
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Figure 1: The masses of RH neutrinos \Mi\ in GeV as functions of tlic light neutrino mass |mi| in 
eV (solid thick lines), for different values of the Majorana phases of light neutrinos, p and a. We 
have assumed normal mass ordering; S13 — 0; the best fit values of solar and atmospheric mixing 



angles and mass squared differences (Eq. (2.3)); the values of Dirac-type neutrino masses mu,c.t 

t2 



given in Eq. ( p.Sl ). Also shown are |di2| = 
eV (dashed thin line) as functions of |mi| 



TOeeTO 



in eV (dotted thin line) and \mee\ in 



very small: 



Ur 





1 


1 






72 
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1 












TTler rUc 


v 







m, 



en 



TJlr 



mt 



mt 



K 



(5.3) 
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Figure 2: Same as in Fig. |l], but for p — 7r/2, a — 0, S13 — 0.1 and different values of the 
Dirac-type CP-violating phase 5. 



The matrix of phases K is given in Eq. ( |3.7| ). Thus, the RH neutrinos A'^i and N2 are 
quasi-degenerate, have nearly opposite CP parities and almost maximal mixing (1 — 2 level 
crossing). The third RH neutrino is much heavier and weakly mixed with the first two. 

Notice that, for C/x, = 1, rriee is the effective mass directly measurable in the neutrino- 
less 2/3 decay experiments. In our parameterization, it is given by 

2 / 2 I 2 \ I 2 2i(5 

so that rriee ~ implies 

tan^^,3--^^^i%J^. (5.4) 
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For si3 = the level crossing (rn-ee 0) occurs for 



tan2 6li2 jAm^ , 

\mi\^ — ^ ^ (3 - 4) • IQ-^eV (5.5) 

(see Fig. |l], panels b and d). For substantial deviations of the 1—2 mixing from the maximal 
one (tan2 0i2 < 1), Eq. can hold only in the case of the normal mass hierarchy. For 



the inverted hierarchy or quasi-degenerate spectrum one has \mi\ > y^Am^^ 0.05 eV, 
so that Eq. (|5.5| ) is not satisfied. Non-zero S13 shifts the position of the level crossing. 
Taking into account the present upper bound on S13, we find that relation ( |5.4D can be 
satisfied for \mi\ < 0.02 eV. Moreover, the crossing takes place only for specific values of 
the phase 6 (see Fig. ^). If a stronger upper bound on ^13 is established, Eq. ( ^ ) will 
provide a more stringent upper bound on \mi\ and also a lower bound on \mi\. 



Notice that inequality (5^) implies 

niee < IQ-^eV 

V "ic 

where we have taken |me^P ^ (^^^ normal hierarchy case). If a positive signal is 

found in neutrinoless 2/3-decay experiments with the near future sensitivity (|mee| ^ 0.01 
eV [0), this special case will be excluded for Ul = 1. 

Let us consider the effect of possible left-handed Dirac rotations assuming [/^ ~ Uckm- 
Taking for simplicity only a 1-2 rotation with 6^ ~ 0c = 0.22, we find from Eq. ( |2.23| ) 

ifiee = cos^ Oimee + 2 sin 9l cos 6Lmei_i + sin^ 0Lfn^^. 

Then the 1 — 2 crossing condition, rriee 0, leads to the following restriction on the possible 
values of ruee'- 

niee ~ -2 tan OLnie^ - tan^ OLm^^ , (5.6) 
which can be considered as the level crossing condition in the flavor basis. For the case of 



the normal mass hierarchy |me^| ~ O.SyAm^^; and ~ 0.5y^ Am^^^ and from (| 

we find |mee| < (3 - 4) • lO'^ eV. 

The level crossing condition ( |5.6D can be satisfied also for the inverted mass hierarchy 
of light neutrinos as well as for the degenerate spectrum, if vi and V2 have opposite CP 



parities. In the case of the inverted hierarchy one has |me^| ~ O.SyAm^^ > |m^^| 
so that Eq. ( ^.61) implies \mee\ < (1 — 2) • 10~^ eV. For the degenerate spectrum (taking 



into account the cosmological bound (p.4D) one finds |22| |me^| ~ ~ 0.2 — 0.4 eV, 

and consequently \mee\ < 0.2 eV. 

In the limit ^13 = 0, we find from Eqs. (5.2) and (IST 



^ 2Vcos2^i2 n^^mc ^ , /^n^X / X 
' ' ' C23sin26'i2 /a^2 V 1 MeV/ V4OO MeV/ ^ ' 



aim 
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(see panels b and d of Fig. |lj) . 

Let us now consider the predictions for leptogenesis. Since A'^i and N2 are quasi- 
degenerate and almost maximally mixed, one expects nearly equal contributions to rjB 
from their decays. Using Eqs. ( |5.2| ) and we find from ( 2.1£| ) 



mi ~ m2 



rric |me^p + |merP 



2|m 



2C23 



m2 — m-il + 0(5 



13, 



Therefore, the maximal RH mixing in the (12)-sector leads to an increase of rhi by a factor 
~ rric/mu with respect to the generic case (Eq. ( t3.18|) ) and, as a consequence, to a strong 
enhancement of the washout effects. Taking into account Eq. (5^), we obtain for S13 







rrir 



sin 26*12 A /Am? 



mi 



''sol 



1.5 eV 



mr 



mu 4c23\/cos 26*12 
and then, according to Eq. (|2.1?| ), 

Ki(1.5 eV) w 6 - 10"^ 



(400m„ 



(5.9) 



(5.10) 



The washout effects for lepton asymmetries produced in the decays of A'^i and N2 are nearly 
the same: Ki{mi) « ^2(7712). 

Substituting the mixing parameters given by Eq. ( |5.3| ) into Eq. ( 2.11| ), we find the 
relevant entries of (h^h): 



{h^h)i2 

{h)h)ii 



21 



{h^h)22 - 1 



1 mf. 
'2^ 

1 mf. 
2^ 



1 + 



m, 

mer 



m, 



(5.11) 



J^('^l-<^2)/2(/lt/i)23 



1 mcmt ( m, 



„j(</.i-</.3)/2 



Then the contribution to ei^2 coming from the diagrams with the heaviest RH neutrino 
in the loop (terms with A; = 3 in Eq. ( |2.10| )) can be estimated as follows: 



-1,2 



3 m^mc 
IGvr f 2 



±5 • 10- 



These asymmetries are tiny compared to the values required for a successful leptogenesis 
and, moreover, have opposite signs for ei and £2. Therefore the dominant contribution 
should come from the diagrams with A''2 {Ni) in the loop for the decay of A^i (A'^2)- The 
corresponding asymmetries ei 2 can be written as 



ei €2 



iMil 



Im[(/it/i)2 



12J 



where 



levr |Mi| - IM2I (/it/i)ii 
\Mi\ 



1 ml 



1 + 



mp 



m. 



\Mi\ - IM2I 



sm[(pi 



(5.12) 
(5.13) 
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The enhancement due to the quasi-degeneracy of A^^i and N2 competes with the suppression 
due to their almost opposite CP parities. Indeed, in the hmit of exactly vanishing Wn and 
W^22; one has sin(0i — = sinvr = 0: in this case the complex phases can be removed by 
the transformation ( |2.14| ). Taking into account terms of order Wn and W221 we find 

4A; tan A 



(1 + A:)2 + (1 - A:)2 tan2 A 



where 



k 



\W22\ 



m?,\m 



A = — arE 
2 ^ 



W?2 



1 

— arg ■ 



m 



(5.14) 



(5.15) 



iT^iil m^\mee\ 2 ° WnW22 2 

Notice that the phase A is invariant under the transformation ( ^.14 ). For |1— /c| <C 1/tanA, 
Eq. ( ^.14| ) gives 

^ tan A , 

and for A ~ 7r/2 a significant enhancement of the asymmetries €1^2 can be achieved. The 
enhancement factor depends on the degree of near-equality of IVF22I and 
For A; — > 1, the level splitting can be written as 



IM2I-IM1I 
\Mi\ 



JW22\ . 
^TTTTl COS A 



2P4^cosA , 



(5.16) 



so that for A ~ 7r/2 the splitting is substantially reduced. As we discussed in section 
the enhancement due to the degeneracy is restricted by the condition 



IM2I -|Mi| ^ _Tj_ 
|Mi| ~ |Mi| 



where in the case under the consideration 



I Ml 



1 

8^2^ 



1 + 



TUp 



m. 



(5.17) 



(5.18) 



Estimating \me^\ ~ Iw-erl ~ I^t-, 
find the maximal possible enhancement: 

1 



Am2^,/Am2^„, from Eqs. ( |5T^ ), ( [STtD and ( p^ we 



tan A 



cos A 



ml V Am2^, 



1.4-10^ 



(5.19) 



In the numerical estimate we have taken the values in Eq. ( |2.8[ ). Using Eqs. ( ^.16| ), ( |5.1^ ) 
and ( [5.12| ), we can write the maximal asymmetry as 



1 Ti 

2|Mi|^ 



IW22I ruu Am; 



atm 



\Wi2\ mc\ Am^ 



sol 



which shows that e^' 



10 2 is reachable in this scenario. 



Combining Eqs. ( gTzl) , (Isl^ ) and (|1|), we find 



j]B ~ 0.01 • 2ei«;i « 1.9- 10 



_s / 400m„ 



1 + 



O.Ulogf^^^ 



-0.6 



i'^°-'^{mu,mc) 
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Therefore the value ( |2.9D of rjB can be obtained for mu/rric ^ 2 • 10^^. For rric = 400m„, 
the observed baryon asymmetry is reproduced for ^ ~ tan A ~ 5 • 10^, which corresponds 
to the relative splitting (see Eq. ( ^.16 )) 



l^^'|-|^'l.6.10-°. 
\Mi\ 

Thus, in spite of strong washout effects, a sufficiently large baryon asymmetry can be 
generated in this case, due to the enhancement related to the strong degeneracy of the RH 
neutrinos. For this to occur, not only the level crossing condition (mee — > 0) has to be 
satisfied, but also a special phase condition leading to A 7r/2 should be fulfilled. This 
value of A is consistent with the low energy neutrino data. We have checked the analytic 
results presented in this section by precise numerical calculations. 



6. Special case II: small 12-subdeterminant of m 



Let us consider the case in which the (ll)-element of the matrix W in Eq. ( 2.24 ) is still 
the dominant one (as in the generic case), but the (12)-subdeterminant of W is very small. 
Then (M^)33, which is proportional to this subdeterminant, is suppressed. The condition 
(M/{)33 <^ {Mfi)23 can be written as 



\d 



121 



meem 



rric 



mt 



nieefn 



AIT I 



(6.1) 



In this case Mi is still given by Eq. ( |3.2| ), but M2 cannot be found from the determinant 
of the (12)-block of W as in Eq. ( p. 31 ). One has to consider, instead, the (23)-block of M^, 
which is dominated by its off-diagonal entry. This yields 



Mo 



-M3 ^ {Mr)2Z 



mcmt 



171117121713 

The mixing matrix of RH neutrinos equals 



(6.2) 



Ur 



V 



1 






f mef. 






\mee 


me A 


ruu 
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mee) 


me 






mer\ 


niu 




1 


mee) 


nit 




"7i 



mu_ _J_f meij\* mu 



rrin 



\/2 \mee 
1 

1 

71 



mu \ 

m, 



■ K 



(6.3) 



where K is given in Eq. (3/7). From Eq. ( |6.2D it follows that the phases of M2 and M3 
differ by ~ vr. Therefore in this special case the lightest RH neutrino is weakly mixed with 

and N3, which are much heavier, quasi-degenerate, almost maximally mixed and have 
nearly opposite CP parities. 

Let us consider condition ( |6.1j ). In terms of low-energy neutrino parameters, we obtain 
from Eq. ( |2l| ) 

di2 = c\^mim2 + s\^m3{c\2mi + Si2"t-2) + C('Si3) • 



-18- 



Neglecting 0(513) corrections, we find that di2 vanishes for 

COt^ 02317111712 

ma = — 2 • (6-4) 

Since cot^ 023 ~ 1, this relation cannot be satisfied for \m3\ < \mi^2\- Therefore this special 
case is not realized for the inverted ordering of the light neutrino masses, unless Ul deviates 
significantly from 1. For the normal mass ordering, condition ( |6.4D requires \mi\ > 2- 10~^ 
eV (see Fig. [l|, panels b and d). For the quasi-degenerate mass spectrum, Eq. (^) can be 
satisfied if the CP parity of 1^3 is opposite to the CP parities of vi and U2, up to deviations 
of 023 from 7r/4 (see the right-hand side of Fig. ||c). Notice that 

- - - - S23C23["il"i2 - ?ra3(cf2"T-i + sf2"1-2)] + 0(S13) = 

cot923mim2 + 0{si3) , 



where we have used the condition ( |6.4| ) of zero (12)-subdeterminant. Therefore Eq. 
simplifies to 

M2 « -M3 « . (6.5) 

m3 

Numerically, one finds (see Fig. panels b, c, d) 

l^'^l - l^'^l - (0,05"-r7)eV - ■ (iSmiv) (ra) • (^■«' 



while \Mi\ is still given by Eqs. (3.11) and ( |3.17| ) for the normal hierarchy and quasi- 
degenerate case, respectively. 

For this special case, the predictions for the lepton asymmetry are analogous to those 
in the generic case. The production of the asymmetry is dominated by the decays of the 
lightest RH neutrino. Due to the larger RH mixing, the asymmetry ei gets an enhancement 
factor ~ (mt/mc) with respect to the generic case, but the leading terms in Im(/i"f/i)f2 and 
Im{h^h)i^ cancel because of the nearly opposite CP parities of N2 and A''3. Indeed, the 
sum of the two terms is proportional to sm{(j)2 — (1)3) ~ 0, where ipi are defined in Eq. (p. 7]). 
Thus, the produced lepton asymmetry is insufficient for a successful baryogenesis through 
leptogenesis. This is in agreement with the fact that in this special case the value of \Mi\ 



is still below the absolute lower bound ( p. 18 ). 



7. Special case III: small and m 



Consider now the case when 

iTT-u rric rriu 

\mee\ <C , \men\ <C m-er , "T,^^ , (7.1) 

mt mt rric 

so that the (13)- and (22)-elements oiW = are the dominant ones (see Eq. ( |2.24| )). 
In this case, two RH neutrinos form a quasi-degenerate pair with almost maximal mixing, 
opposite CP-parities and masses 

±M, « ±Wr,' « . (7.2) 
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The third neutrino has small mixing with the other two (of order mu/rric or rric/mt) and 
a mass 



M, 



m 



(7.3) 



MM 



Since rriu'mt ~ rn^, all the three masses are of the same order ^. 

Let us consider conditions (tT-ll) . We have shown in section |5| that, assuming Ul ^ 
rriee can be very small only in the case of the normal hierarchy, when Eq. (|5.4] ) can be 
satisfied. At the same time, for certain values of mi and S13 and of the phases, the value 
of niefj. can also be very small. For this to occur, the low-energy parameters should satisfy 
(see Fig. ^) 



mi 



|m2|tan2 0i2 



0.0035 eV 



Sl3 



m2 



ms 



tan 6*12 ^ 0.11 , 



where we used |m2| ~ y ^"t-L; I "^3 1 ~ V 
also approximately determined by the conditions m 



m^j^ . The other matrix elements of m are 



0, m 



nip. 



\/2tan6'i2|m2| « 0.008 eV 



\m 



MM I 



m 



flT\ 



\nir 



0: 



R3I 



0.025 eV . 



For the masses of the RH neutrinos one then finds 



\Md\ 
|M,| 



1.2 X 10^° GeV 



6.4 • 10^ GeV 



m„ 



1 MeV 



mt 



100 GeV 



(7.4) 
(7.5) 



According to Eqs. (7^) and (^ 
by the ratio 



.400 MeV. 

) , the mass spectrum of RH neutrinos is characterized 



\Md\ 
IMJ 



rriumt 



mt. 



m 



MM 



nip 



1.9 



m„ 



nit 



1 MeV/ VlOO GeV 



400 MeVV 



nrir 



m 



MM 



3mp 



(7.6) 



We shall distinguish two subcases, depending on whether the quasi-degenerate pair is lighter 
or heavier than the singlet state: 



(a) r < 1 

(b) r > 1 



|Mi| « |Af2| < IM3I 
\Mi\ < IM2I « IM3I 



For certain values of the parameters, the splitting between the quasi-degenerate neutrinos 
can become larger than the difference between the masses of one of them and of the third 
neutrino. This case can be considered as the limit in which (a) and (b) merge. Notice that, 
in this limit, the structure of Ur is very unstable, and all three RH mixing angles can be 
large. 

Let us consider now the predictions for leptogenesis. To compute the produced lepton 
asymmetry one has to take into account the interplay among all three quasi-degenerate RH 



^Seesaw mass matrices which correspond to the degeneracy of all three RH neutrinos have been recently 
considered in [Ba p6|. 
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neutrinos. The effects related to mass degeneracy and large RH mixing angles, discussed 
in section ||, are present also here. Notice that the maximal RH mixing is now related with 
the Dirac masses niu and mt rather than with m„ and rric, as in section ^. Let us discuss 
the two subcases defined above. 

(a) r < 1, light quasi-degenerate pair. 

Up to O(A^) terms, the RH mixing matrix is given by 



Ur 



( 1/^2 



V2 



{5*2 +5i) 1 



K' 



52 j 



Here 



5,^ — 



1 



rUc — 1 

and K' = diag{e-</'^, e'^'^'^/^, e'^'^y^), where 



do = 



m 



nip. 



2arg 



m 



(7.7) 



(7.8) 



(7.9) 



Notice that in the parameterization (|7.7| ) the phases (/>• are not the arguments of Mj 
From Eqs. (^, ([tJ) and (|2l^ ) we find the effective mass parameter 

mt 



mi ~ m2 



\mf, 



500 eV , 



which leads, according to Eq. ( p. 171) , to a very small washout factor 

Ki,2(500 eV) w lO"'^ . 



(7.10) 



To survive such strong a washout, lepton asymmetries of order unity are required. 
The contribution to ei^2 of diagrams with in the loop can be estimated as 

3 ml 



±3-10 



-7 



167r t;2 

where we assumed |M3|/|Mi^2| ^ 1-5, so that the effects of the three-neutrino degeneracy 
can be disregarded. Let us estimate the contribution to £1^2 of diagrams with A^2,i in the 
loop. The maximal asymmetry is obtained when 



IM2I-IM1I ri,2 



mt 



\Mi\ 



I Ml I 167ru2 ■ 



In this case the function / in Eq. ( |2.10| ) should be replaced by |Mi|/(2ri^ 
finds 



(7.11) 

], and one 

As in the special case I, the factor s\\i{(j)'i — ^2) is suppressed because of the approximately 
opposite CP parities of A^i and A''2 (see Eq. ( |7.9| )). Computing also 0{\^) terms in Ur, we 
find 



ei « 62 



1 |Mi| Im(/it/i)2 



12 



\ sin(0; 



sm 



mt 



10" 



(7.13) 



- 21 - 



As far as es is concerned, the two contributions proportional to Im(/i^^/i)|]^ and lm{h^h)'^2 
are of order / [Idirv'^) , but have opposite sign because of the opposite CP parities of A^i 
and N2- Moreover, €3 is washed out efficiently by the strong L-violating interactions of A^i 
and Therefore its contribution to r]B can be neglected and we finally obtain 

VB - 0.01 . 2e,., ~ 10-1^ ^ -li^/p) ^ . 

Thus, the leptogenesis is not successful in this special case. 

Reducing the ratio mt/rriu, one gets both smaller washout and enhanced asymmetries 
£1,2 (see Eqs. (|7.1C1|) , ([7.12|) and ( 7.13D ). However, to obtain rjB in the correct range, one 



would have to violate the assumption in Eq. (2/7). Even a strong degeneracy between 
all three RH neutrinos cannot lead to a sufficient increase of the final baryon asymmetry, 
because the enhancement due to the degeneracy is limited by the large values of ri^2 
given in Eq. ( |7.11| ) (see also the discussion at the end of this section). Moreover, the 
analytic approximation ( p.l7| ) most probably underestimates the washout effects in this 
case, because of the very large values of rhi and rh2 (~ 500 eV). To the best of our 
knowledge, no numerical solutions of the relevant Boltzmann equations in this regime are 
available in the literature, since it is usually assumed that mi does not exceed the mass 
of the heaviest left-handed neutrino |m3|. The present special case shows that this is not 
always true. 

(b) r > 1, heavy quasi-degenerate pair. 

In this case ei gives the dominant contribution to the final baryon asymmetry. The RH 
mixing matrix is obtained from that in Eq. ( [7.7| ) by the cyclic permutation of its columns 
3^1, 1^2, 2^3. Using the approximation 

2 

rric r -16/2 
— 1 



we obtain from Eq. (2.11) 



{h^h) 



11 



mil- 2r2 + 2r^ 
y2 i_ 2^2 + ^4 



V2'u2 1 - 

Then for rhi and ki we find 

?^i>2|m^^|Ri0.05eV, Ki(mi) < 3 • 10-^ . 
The asymmetry produced in the decays of A'^i can be written as 

where ■0 = (0 + '^'i ~ </'2/2 ~ "^s/^)- the last equality we have chosen r = 2 and sin'0 = 1, 
which are the most favorable values for obtaining a large r]B (note that, even though ei 
is maximized at r ~ 1, in the limit r — > 1 the parameter fhi becomes very large, which 
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signals a very strong washout of the asymmetry). Also in this case the fact that the CP 
parities of N2 and N^, are almost opposite leads to a strong cancellation: 

sin(<^'3 - ^'2) ~ — « 10-^ . 
mt 

Thus we obtain 

,B»0^01..,.K,<5.10-«(^)(^) . 

Increasing rriu ■ mt (and also in order to keep r fixed) would increase rjB- 

However, it is unlikely that this would lead to a successful leptogenesis. Indeed, since 
all three RH neutrino masses are of the same order in this special case (r ~ 1), the heavier 
neutrinos and N^^ are still abundant at the temperature T ~ |Mi| at which the decays 
of A^i take place. Therefore the strong washout effects due to the processes involving A''2 
and N-^^ which are characterized by very large w,2,3 — 500 eV, are expected to efficiently 
wash out the asymmetry ei even though the parameter fhi is relatively small. Therefore 
we do not expect this special case to lead to a successful baryogenesis through leptogenesis. 
A more accurate study of the case of three quasi-degenerate RH neutrinos would require 
solving numerically a coupled set of Boltzmann equations describing the evolution of the 
number densities of all RH neutrinos and B — L. We consider such a study, which is beyond 
the scope of the present paper, to be very desirable. 

8. Discussion and conclusions 

We have analyzed the possibility of explaining both the low energy neutrino data and the 
observed baryon asymmetry of the Universe in the framework of the seesaw mechanism and 
studied the requisite structure of the RH neutrino sector. Our analysis was based on the 
assumptions of hierarchical eigenvalues of the Dirac mass matrix m £> and small Dirac-type 
left-handed mixing {Ul ~ !)• 

Let us now abandon the hypothesis Ul ~ 1. If the matrix Ul is arbitrary, the direct 
connection between the low energy data and the structure of Mr is lost. This additional 
freedom relaxes the phenomenological constraints on RH neutrinos. In fact, now the unique 
low energy requirement on the seesaw mechanism is to reproduce the light neutrino masses, 
given by the eigenvalues of m (see Eq. ( p.23|) ); the correct leptonic mixing matrix Upmns 
can always be obtained through the proper choice of Ul- As an example, let us consider 
the case of non-degenerate RH masses and take the following RH mixing matrix: 



Ur 



/ 1 1 \ 

/ — — ^ 

V2 \/2 

V ly 



K . 



The maximal mixing of the two lighter RH neutrinos will maximize the lepton asymmetry. 
The eigenvalues of the matrix 

diaqTTT diaq 

m = —mj-) Wmj-) 
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(see Eq. (|23|)) are given, approximately, by ml/{4\M2\), ml/{2\Mi\), mj/\M3\. Tak- 
ing \Mi\ 10^° GeV-(mc/0.4 GeV)^, IM2I a few times larger and IM3I ^ 2 • 10^^ GeV 
•(m^/lOO GeV)^, one can reproduce the solar and atmospheric mass squared differences. 
Since m is approximately diagonal, the solar and atmospheric mixing angles are generated 
by Ul, which should have an almost bimaximal form. 

It is easy to calculate the washout mass parameter and the asymmetry produced in 
the decays of A^i: 

1^1 n — ^ 3m2 iMil 



Assuming 02 ~ 0i ~ "^/^ (note that the CP parities of A^i and are in general not 
constrained), we get 

Thus, for a moderate hierarchy between M\ and M2, a value of rric around a few GeV 
can lead to a successful leptogenesis. This example shows that, relaxing the hypothesis 
C/l ~ 1, it is easier to realize baryogenesis via leptogenesis. In particular, the degeneracy 
of the masses of RH neutrinos |Mj| is no longer necessary, but the hierarchy of |Mj| should 
not be as large as it is in the generic case. 

Let us now discuss the renormalization group equation (RGE) evolution of the neutrino 
mass matrices. The structure of the effective mass matrix m is stable under the Standard 



Model (or MSSM) radiative corrections [37|. The corrections to its matrix elements can be 
written as 

Am„/3 « (e„ + e^)mo^ , 

where (< 10^^) describes the effect of the Yukawa coupling of the charged lepton /„. 
Therefore both ra^e and d\2 = (jneeva^^ — m^^) receive small corrections proportional to 
themselves: if niee and/or di2 are very small at the electroweak scale, they remain very 
small also at the seesaw scale (the mass scale of RH neutrinos), and so the level crossing 
conditions do not change. 

Between the GUT and the seesaw scales one has to consider the evolution of the 
neutrino Yukawa couplings and of Majorana mass matrix of RH neutrinos rather than the 



evolution of the effective matrix m |38|. We assume that at the GUT scale the Yukawa 
couplings of neutrinos h are related with those of quarks or charged leptons. The evolution 
of h with decreasing mass scale will not modify the hierarchy <C rric <C mt, and its 
effects can be absorbed into a redefinition of our indicative values of rriu^ct- 

The RGE effects on Mr are due to the neutrino Yukawa couplings; they can, in 
principle, be important in the cases of strongly degenerate RH neutrinos. Consider the 
stability of the structure of Mr in the special case that leads to a successful leptogenesis. 
Recall that in this case the (12)-sector of RH neutrinos is characterized by |Afi^2| ^ 10^ 
GeV, (IM2I - |Mi|)/|Mi| < 10-5 and A « 7r/2, where A is defined in Eq. (|5l5| ). The 
largest correction to the (12)-block of Mr between Mqut and |Mi^2| is the correction to 
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the 22-element: 



(Mr)22 167r2t;2'"^ 1^108 GeVy V0.4GeV; ' 

Therefore, the radiative corrections cannot generate a relative splitting between \Mi\ and 
IM2I exceeding 10^^. Moreover, at one loop level, the phases of {Mji)ij have no RGE 
evolution and so the relation A ~ 7r/2 is not modified. 
Let us summarize the main results of our analysis: 

1) We have discussed the properties of the seesaw mechanism under the assumption 
of an approximate quark-lepton symmetry, which implies a similarity between the Dirac 
neutrino mass matrix niD and the mass matrices of charged leptons and quarks. This, in 
turn, implies a strong hierarchy of the eigenvalues of m_D and small left-handed Dirac- type 
mixing. 

2) The presence of two large mixing angles {612 and ^23) and relatively weak mass 
hierarchy of light neutrinos lead, in general, to a "quasi-democratic" structure of the mass 
matrix m in the flavor basis, with values of all its elements within one order of magnitude 
of each other. A strong hierarchy of the elements appears in special cases only. 

3) In the generic case (nearly democratic m), the mass matrix of RH neutrinos has a 
strong (nearly quadratic in m/j) hierarchy of eigenvalues and small mixing. The lightest 
RH neutrino has a mass \Mi\ < 10^ GeV, well below the absolute lower bound coming from 
the condition of a successful leptogenesis. As a result, the predicted lepton asymmetry is 
smaller than 10~^^, and the scenario of baryogenesis via leptogenesis does not work. 

4) The special cases correspond to the level crossing points, when either two or all three 
masses of RH neutrinos are nearly equal. We have found two level crossing conditions: (1) 
niee — > (the A''i — A''2 crossing) and (2) di2 (A''2 — crossing), where rriee and di2 
should be evaluated in the basis where the Yukawa couplings of neutrinos are diagonal. In 
the crossing points the mixing of the corresponding neutrino states is maximal and their 
CP parities are nearly opposite. 

5) For ~ 1 the leptogenesis can be successful only in the special case with small 
element m-ee, which corresponds to the A^i — A''2 crossing. It is characterized by ~ 
IM2I ^ 10^ GeV, IM3I PS 10^^ GeV and (IM2I - |Mi|)/|M2| < 10"^ A^i and A^2 are strongly 
mixed and their mixing with is very small. The CP-violating phase A in Eq. ( |5.15| ) 
should be very close to 7r/2. Notice that this unique case with a successful leptogenesis is 
defined very precisely. It has a number of characteristic features which can give important 
hints for model building. 

6) For Ul = 1, the successful scenario is realized for the normal mass hierarchy of light 
neutrinos and predicts a very small effective Majorana mass probed in the neutrinoless 
2/3-decay: \mee\ ^ 10"'^ eV. However, for C/^ « Uckm-, this case can be realized also for 
other mass spectra and | large as ~ 0.1 eV. 

7) We find that low-energy neutrino data allow also the other special cases, with 2 — 3 
crossing or both 1 — 2 and 2 — 3 crossings of the masses of RH neutrinos. These cases, 
however, do not lead to a successful baryogenesis through leptogenesis. 
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The seesaw mechanism can account for both the low-energy neutrino data and a suc- 
cessful thermal leptogenesis, but a very specific structure of the mass matrices is required. 
Although this structure may look as an extreme fine tuning when viewed from the low- 
energy (effective theory) side {rriee — > 0, \m^^\ {mu/mc)'^\mee\), it does not appear 
unnatural from the point of view of the fundamental physics responsible for the seesaw 
mechanism: indeed, it just requires an approximate degeneracy and nearly maximal mix- 
ing of the two lightest RH neutrinos, which may well be a consequence of some flavor 
symmetry operating in the RH sector. 

Can the unique successful special case that we found be ruled out? Since it requires 
a suppression of |?n.ee|5 it will be excluded in case of a positive signal of 2/?0j^-decay with 
|mee| close to the heaviest of the light neutrino masses (which could be measured in di- 
rect neutrino mass search experiments). In that case one will be left with the following 
alternatives: 

• the quark-lepton symmetry is strongly violated: there is no strong hierarchy of the 
eigenvalues of {mu/rric, mric/T^t ^ 10^^) and/or the Dirac-type left-handed mixing 
is large (the corresponding mixing angles are larger than ~ 0.2); 

• type-I seesaw |]l[| is not the sole source of neutrino mass; the simplest alternative could 
be type-II seesaw |39] in which there is an additional contribution from an SU{2)i- 



triplet Higgs. Another possibility is that the seesaw is not the true mechanism of 
neutrino mass generation; 

a mechanism other than the decay of thermally produced RH neutrinos contributes 
to leptogenesis or the baryon asymmetry of the Universe is generated through a dif- 
ferent mechanism, which has nothing to do with leptogenesis. 



Note added. 

Let us comment on the possibility of non-thermal production of the heavy RH neutrinos 
(see, e.g., fi^), that in principle can lead to a successful leptogenesis for values of the 
parameters Mi and rhi for which thermal leptogenesis does not work. 

In fact, it is interesting that also non-thermal leptogenesis is strongly constrained 
in our framework. Consider the generic case (section 3). Since Mi is relatively light 
(< 10'' GeV), ei is very small. Moreover, as rhi is relatively large (> y^^"^^)) the 
washout effects suppress (at least partially) the asymmetry generated in the decays of non- 
thermally produced RH neutrinos [^]. As a consequence, even in the non-thermal case, 
the asymmetry generated by A'^i turns out to be insufficient and, to enhance it, one has to 
resort again to the special case I (section 5). 

It is known, however (see, e.g., [^]), that also the asymmetries generated by A''2 
and/or can survive if 1) they are produced non-thermally at reheating and 2) A^i is not 
in thermal equilibrium at the reheating temperature Trh- In fact, the asymmetries €2,3 
can be large (they are of the order of ^/(IGvru^) in the generic case and even larger in 
the special case II: £2,3 ~ rric/mt). However, partial thermalization of A'^2,3 and subsequent 
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washout can occur after reheating. Moreover, A^i should not enter into thermal equilibrium 
at any temperature T < Trh. 

In this case an accurate computation of the final asymmetry would require to solve 
the complete set Boltzmann equations describing the evolution of the number densities of 
all three RH neutrinos and oi B — L. 
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